Introduction
In this paper, we present a new synthesis procedure that combines homotopy solution to the 11-point the path synthesis equations for a Stephenson III six-bar linkage with an optimization strategy that allows the increase of the number of accuracy points to 30 and more. This research is motivated both by the goal to achieve a design methodology for linkages with increasingly complex synthesis equations, as well as to obtain a linkage that matches the gait trajectory of a human ankle to act as an exoskeleton for rehabilitative treadmill training.
Literature review
Robotic rehabilitation for human walking movements uses a mechanical system to guide a patient during tread- Step Robot, [1] . mill walking exercises. For example, the ARTHuR system provides two actuators that guide a patient's ankle through a stepping movement on a treadmill, [1] . The angle trajectories achieved with and without the ARTHuR system are shown in Figure 1 .
It is known that single degree-of-freedom linkage systems can trace complex planar curves like the ankle trajectory in Figure 1 . A theoretical result by A. B. Kempe [2] , which has been strengthened recently [3] , states that any plane algebraic curve has an associated linkage that can trace the curve. Also see Artobolevskii [4] for linkages that generate specialized plane curves.
Our goal is a design procedure for a six-bar linkage that can trace human ankle trajectories, such as those provided to us from the Human Interactive Robotics Lab under the di- Figure 2 . The synthesis equations for the six-bar path generator were derived by Kim et al. [5] , who show that this linkage can be designed to pass its coupler curve through 15 points. In this paper, we present an alternative derivation for these equations and obtain 154 quadratic equations in 154 unknowns. This shows there can be as many as 2 154 , or approximately 10 46 , solutions.
As far as we can tell, there has been no attempt at a direct solution of the 15-point path generation synthesis equations for the six-bar linkage. Path synthesis of six-bar linkages have relied on optimization techniques beginning with Bhatia and Bagci [6] . Nolle [7] and Root and Ragsdell [8] provide an overview of the use of optimization methods in linkage design. For a recent example, see Mehdigholi [9] . As Nolle points out, linkage design equations have a large number of local minima, which makes the result dependent upon initial choices for the design parameters.
In order to avoid local minima, modern direct search strategies start with a random population of design parameter vectors and then provide a systematic way to modify these parameter vectors to find new designs [10] . Bulatovic and Dordevic [11] applied the technique of Differential Evolution to the design a six-bar Stephenson III path generator that fit 32 points on a specified curve. Bulatovic et al [12] used the Cuckoo Search algorithm to design a Stephenson III sixbar with a coupler curve that has 26 specified points divided between two circular dwells. The Cuckoo Search algorithm is an example of a direct search strategy that uses a naturebased heuristic to combine design parameter vectors to find new designs. Other examples of these heuristics include simulated annealing used by Dibakar and Mruthyunjaya [13] to design two degree-of-freedom planar linkage systems, the particle swarm method used by McDougall and Nokleby [14] to design four-bar linkages, and the ant search algorithm used by Xiao and Tao [15] and by Smaili and Diab [16] to design four-bar path generators.
In this paper, rather than use a direct search optimizer that randomly selects the initial parameter vectors, we solve for the path-generator design equations for 11 specified points on the desired path using a homotopy solver [17] . These solutions are then used as the initial design parameter vectors that are used in a gradient optimizer to fit 60 specified points on the path. We call this combination of homotopy generated exact solutions with gradient optimization, homo- 
Stephenson III Path Synthesis Equations
A Stephenson III six-bar linkage is shown in Figure ( 3). The seven hinged joints of this linkage are denoted by the complex vectors, A, B, C, D, F, G and H. the point P is the point that is to trace the coupler curve. The coordinates of the joints in the reference position are the design parameters that are to be determined by the synthesis process. The angles ψ, ρ, φ, µ, and θ are measured from the reference position to the current configuration.
Path synthesis begins with the specification of a set of N points, P j , j = 0, . . . , N − 1 that define the desired coupler curve for the Stephenson III six-bar linkage. In the reference position, we have the three loop equations,
For convenience introduce the notation,
to represent the rotation of the individual links of the six-bar linkage. These parameters satisfy the normality conditions,
where the star denotes the complex conjugate.
Thus, for the remaining coupler points P j , j = 1, . . . , N − 1, we have the loop equations,
In addition, we have the complex conjugate loop equations,
Equations 4, 5, and 3 form the synthesis equations for the Stephenson III path generator. Notice that for N specified path points, we have seven complex vector joint unknowns, five joint angle unknowns in N − 1 task positions, together their complex conjugates, for a total of 14 + 10 * (N − 1)) unknowns. And we have three complex loop equations and their conjugates, as well as five normality conditions in the N − 1 task positions, for a total of 11 * (N − 1) equations. Thus, we have as many equations a unknowns for the case N=15, which yields 154 quadratic equations in 154 unknowns.
The challenge posed by the solution of these synthesis equations can be estimated by computing the Bezout root count [17] , which is d = 2 154 or 2.28 × 10 46 .
11-Point Path Synthesis
In order to reduce the complexity of the synthesis equations for a Stephenson III path generator, we specify the dimensions and the n − 1 positions of the RR chain BFP j , j = 1, . . . , N − 1, which reduces the specified number points on the curve to N = 11-recall that R denotes a revolute, or hinged joint. This simplifies equations (4), (5), and (3) into the following two sets,
. (6) and
The equations in S 1 can be solved to determine unknowns S,S, T ,T . This computing S andS from the first equations, and substituting the result into the normalization conditions SS = 1, to obtain,
where
Multiply (8) by T j to obtain a quadratic equation, which is solved using the quadratic formula. And, the values for S,S, T are found by back substitution.
Once equations S 1 are solved, equations S 2 have the unknowns A, C, D, G, H, Q j , R j , U j and their conjugates. Thus, for the case of N = 11, the path synthesis equations reduce to 70 quadratic equations in 70 unknowns. The degree of this system is 2 70 . This system of equations has been studied by Plecnik and McCarthy [18, 19] , who show that it has the multihomogeneous degree, d = 264, 241, 152. And they obtain a parameter homotopy for the solution of the 11-point path synthesis equations for a given RR chain. In what follows, we use this parameter homotopy to generate the initial design parameter vectors for the optimization step.
Optimization
Once a set of initial design parameter vectors are determined by the homotopy solution of the 11-point synthesis equations, a gradient optimizer is used to minimize the distance of the resulting linkage to the specified points, P k , k = 0, . . . , N P − 1, on the desired coupler curve. Recall that the RR chain BFP k is specified and the system of equations S 1 can be solved for S k and T k , which define the joint angles ψ k and θ k .
If the point P k is on the coupler curve of Stephenson III linkage formed by RR chain BFP k and the remaining design parameters, r = (A,C, D, G, H), then they satisfy the loop equations defined by S 2 , that is
Eliminate Q k and R k by multiplying the complex conjugate equations to obtain,
This is k sets of two linear equations in the two unknowns joint angles U k andŪ k . In order to solve these equations, it is convenient to introduce the parameters,
which can be determined from the six-bar linkage defined by the RR chain BFP 0 and the design vector r = (A,C, D, G, H). to obtain k sets of two equations in the two unknowns U k and U k , Substitute the parameters (12) into (11) to obtain,
Each of which can be solved to obtain,
The parameters U k andŪ k satisfy the normality condition, U kŪk = 1, when P k is on the coupler curve of the linkage defined by the design parameter vector r = (A,C, D, G, H) . We use these this to construct the objective function, 
Selection of Precision Points
The precision points, P j and P 0 , that are used in the path synthesis algorithm are derived from a set of data points collected from motion capture data of a walking subject. This data set marks the joint locations through 14 gait cycles as shown in figure 2 . From this data, the lengths of the upper leg, lower leg, and foot can be determined. These lengths are determined by measuring the distances between the hip and knee, knee and ankle, and ankle and toe data points respectively. The motion capture data collected was in three dimensions, but only data in two dimensions was used in this procedure for simplicity. These points, however, were collected in the global frame, where the hip joint are moving. Since, the synthesis procedures require that the hip joint be stationary, a new set of data points relative to the hip is required. The coordinates of the ankle trajectory relative to the hip joint is shown in figure (4) ; the location of the hip joint was also moved to the origin for simplicity.
Next, one of the cycles was chosen to be the desired path for the synthesis procedure, as shown in figure (5). This path consisted of 205 data points. Since 205 data points could potentially create a minimization problem that will be too great in complexity, a reduction in the number of precision points is required. This was done by creating a basis spline equation for the 205 data points. This is a parametric equation and the data points are used as the control points.
Parametric equations for splines are constructed from basis equations, as shown in equations 16 and 17, where t is the parameter of the curve, k is the order of the curve, i is the ith control point, and x i are elements of the knot vector. The knot vector deals with the weighting of a particular control point, as explained in [20] . 
These basis equations are then used to form the parametric equations for the coordinates of the basis spline curve evaluated at t j , where {P x (t j ), P y (t j )} is the jth point along the curve. Equations 18 and 19 are the parametric equations that yield the coordinates of the spline curve for a given parameter t.
Note that {P x,i , P y,i } are retrieved from motion capture data and {P x (t j ), P y (t j )} are points along a continuous spline. The 205 data points of the ankle trajectory can then be used as the control points in the B-spline equation so that the ankle trajectory can be represented by a single parametric equation. Sixty values of t, between 0 and 1, were selected and substituted into the B-spline equations; these values of t were evenly distributed. The results define a number of points that are distributed about the curve.
From equations 16 and 17, it can be seen that the spline is a parametric equation in terms of the parameter t; this parameter varies from 0 to 1. There were 60 values of t that were evenly distributed between 0 and 1. The basis spline equation was then evaluated at each of these values, resulting in a set of 60 precision points displayed in table 1. The precision points used for the first gait cycle are in figure (6) .
Lastly, the angle θ j is the relative angle of the most distal link. Since the location of every point P and the lengths of links BF and FP are known from the spline equation and 
Selection of Starting Linkage Solutions
In order to minimize equation 15 using the built-in minimization algorithms of Mathematica, starting values for the unknown variables are required. These unknown variables are the joint parameters, A, B, C, D, F, G, and H. In order to choose these values we follow the method given in [18] .
For this procedure, it is required that a 2R serial chain and 11 precision points are defined. The starting 2R chain is determined from the initial motion capture data. This 2R chain is BFP, from figure (3). For this particular problem, fixed pivot B was set to be at the origin. The lengths of the proximal and distal links were set to 397.874mm and 502.599mm respectively. These links match the lengths of the upper and lower leg segments of the user. These ultimately will be the leg segments of the exoskeleton that attach to the user. In addition, the 11 precision points that were used were selected by utilizing the basis spline method from the previous section. However, the only difference is that 11 evenly distributed values of the parameter t were used. The resulting precision points are shown in table 2 and plotted in figure (7) .
The calculations were carried out on Bertini on a Mac Pro machine. This machine had two 6-core Intel Xeon processors, for a total of 12 cores. The processor speed was 2.93GHz. The calculations were completed in 9.6 hours. The results showed that there were no linkages found that went through all positions. However, there were 13 linkages that went through 10 positions, 35 linkages that went through 9 positions, 183 linkages that went through 8 positions, 771 linkages that went through 7 positions, and 1445 linkages that went through 6 positions. All of these linkages were assembled into a single solution set. After duplicates were removed, there were a total of 2003 solutions. These linkage solutions were used as the starting linkages for the optimization procedure, explained in the next section. One of these linkages is shown in figure (8). 
Minimization Procedure and Results
Minimization of equation 15 for 60 precision points was carried out for each of the starting linkages from the previous section. The minimization problem, for each starting linkage, was completed using Mathematica's built-in optimization algorithms. Six separate methods were used with the starting linkages and objective function. The algorithms options used were "ConjugateGradient" with "FletcherReeves," "Newton," "Gradient," "ConjugateGradient," "InteriorPoint," and "QuasiNewton."
Minimizing the objective function for 2003 different starting linkages with 6 different algorithms resulted in a large solution set that was to be sorted. Solutions with an error value greater than 3 were then were deemed to be undesirable linkages. Also, linkage solutions that a link length sum greater than 3000 were removed for the set. This was done in order to remove solutions that had a links that were too larger to be feasible.
The solutions that had branch defects were omitted. What remained where 6 linkages that were all in a single cluster; two linkages are considered to be in the same cluster if the norm of their differences was small. For the case of these 6 solutions, the norm of the differences of the joint coordinates were all less than one. This indicates that these solutions are essentially the same linkage. The 6 linkages solutions that were all found from the same starting linkage for each of the Mathematica functions. This starting linkage is shown in figure (8) and table 3 . This solution is shown in figure (9) and the joint positions are in table 4. Figures (9(a) ) and (9(b)) show two of the final linkage solutions with the largest variances. The norm of the differences between their joint coordinates was 1.02 × 10 −5 . Lastly, it is shown in figure (10) that the optimized linkage solution moves through a desirable trajectory, however, there is a slight hyper-extension of the knee joint.
The Solidworks model with the graphed couple curve is shown in figure (11).
Conclusion
In this paper, a Stephenson III six-bar linkage path synthesis procedure that was specific to the design of a human walking linkage exoskeleton was presented. The procedure consisted of developing an error function based on three loop equations and relative angles. A reduction of variables occurred after using the dot product operation and the precision points were acquired from motion capture data and the use of basis spline equations. The starting values were determined by finding a six-bar linkage solution for the 11 point problem and the objective function was minimized using six of the built in Mathematica optimization functions. Precision points for both the 11 point problem and the optimization problem were both chosen by using basis splines. The basis splines were required because of the large amount of infor- The resulting linkage created a desirable ankle trajectory, but caused the knee joint to extend to an undesirable angle. After an analysis of the various optimization algorithms, it was observed that a particular starting position did not nec- essarily converge to the same solutions. For this reason, the use of the six different algorithms was used to provide a larger array of linkage solutions candidates. The result, after sorting the solution set, was 6 viable linkage solutions that created a desirable ankle trajectory and motion of the original 2R chain. These solutions were all in the same cluster. This research shows that the combination of optimization and algebraic methods can be used to find linkage solutions to guide the cyclic trajectory of an ankle during walking. It also shows how dependent optimization algorithms are on starting positions and that using solutions found from homotopy methods can be a useful tool in selecting these starting values.
